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$H$ $H$ ( $H$-period)
$Z_{G}$ $G$ $H(F)\backslash H(\mathrm{A})$
$(Z_{G}H)(F)\backslash (Z_{G}H)(\mathrm{A})$ $G_{1}$ $G_{2}$







































$=\{g\in GL(4)|g^{T}$ g=l (g) $,$ $\iota \text{ }(g)\in GL(1)\}$ ,
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$g^{T}$
$g$ $LG^{\mathrm{O}}$ $G$ $L$-group
$LG^{\mathrm{O}}=cSp(4, \mathbb{C})\mapsto GL(4, \mathbb{C})=$ $LGL(4)^{\circ}$ ,
$G(\mathrm{A})$ cuspidal automorphic representation ( $\pi$ , V)- $GL_{4}(\mathrm{A})$
automorphic repreentation $(\pi’, V^{;})\text{ _{ }}$
$L(s, \pi)=L(_{S}, \pi);$ ,
$Gs_{p}(4)$ 4 spin L-
function $GL(4)$ standard $L$-function
$(\pi, V)$
. generic ( Whittaker Fourier )
$GL(4)$ $co(3,3)$ Jacquet,Piatetski-Shapiro
&Shalika [15] (cf. D. Soudry [18]) lifting 1 theta correspondence
$\pi$ central character $\omega_{\pi}$
$\omega_{\pi}=1$ .
(Jacquet, Piatetski-Shapiro &Shalika)
$(\sigma, W)$ $GL_{4}(\mathrm{A})$ cuspidal automorphic representation
$PGSp_{4}(\mathrm{A})$ generic cusp form lifting image
$\varphi\in W$
$\int_{\mathrm{A}^{\cross}cL}2(F)\backslash cL2(\mathrm{A})\int_{M_{2}()}F\backslash M_{2}(\mathrm{A})\varphi()\psi(\mathrm{t}\mathrm{r}X)dXdg\neq 0$ ,
$\psi$ F\A character
$GL(4)$ cusp form lift-
ing image Whit-
taker Fourier pull-back ( Fried-
berg &Jacquet [8] lifting relative trace formula
– fundamental lemma )
LPGSp(4) $0=Sp(4, \mathbb{C})$
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$0$ . $GL(4, \mathbb{C})$ exterior square representation
$\wedge^{2}$ : $GL(4, \mathrm{c})arrow GL(6, \mathbb{C})$ ,
$\wedge^{2}|_{Sp(4},\mathrm{c})=\mathbb{C}(e_{1^{\wedge e}3}+e2\wedge e4)\oplus$ ( $5$ subrepresentation),
$L$-function lifting image exterior
square $\mathrm{L}$-function $L(s, \sigma, \wedge^{2})$ $s=1$
$L$-function Jacquet &
Shalika [16]
$L(s, \sigma, \wedge^{2})=I\mathrm{A}^{\cross}GL2(F)\backslash GL2(\mathrm{A})\int_{NI_{2}(F)\backslash 2}M(\mathrm{A})\varphi()$
. $E(g, s)\psi(\mathrm{t}\mathrm{r}X)dXdg$ ,
$(\sigma, W)$ $(\pi, V)$ $PGSp_{4}(\mathrm{A})$ cuspidal representaion lifting
image
$L(s, \sigma, \wedge^{2})=\zeta_{F}(s)L$ ( $s,$ $\pi$ , St),
$L$ ( $s,$ $\pi$ , St) 5 standard $L$-function
$L$ (1, $\pi$ , St) lifted form
Tate
theta correspondence, relative trace
formula, Rankin-Selberg method, arithmetic geometry
functorial lifting ,
$GL(2)$ quadratic base change (Harder, Langlands &Rapoport [11],




$(\pi, V)$ $GL_{2}(\mathrm{A})$ cuspidal automorphic representation
$\phi\in V$
$L(s, \pi)=\int F^{\mathrm{x}}\backslash \mathrm{A}\mathrm{X}\phi|a|^{s-\frac{1}{2}}d^{\mathrm{x}}a$ ,







Bump, Furusawa &Ginzburg [5] bad prime
$L( \frac{1}{2},$ $\pi)=\int_{GL_{n}()\backslash }FGL_{n}(\mathrm{A})\phi dh$,
Hecke $z_{GL_{2}}\backslash GL(1)\cross GL(1)$
$GL_{2n}(\mathrm{A})$ cusidal representation $(\pi, V)$ cen-
tral character $\omega_{\pi}$ Bump&Friedberg [6], Friedberg&Jacquet [7]
$\int_{\mathrm{A}^{\cross}(c}L_{n}(F)\mathrm{x}GL_{n}(F))\backslash GL_{n}(\mathrm{A})\mathrm{x}GLn(\mathrm{A})\phi dh_{1}dh_{2}$$=$
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lifting image ‘ $-$





Hecke $Z_{GL_{2}}\backslash$ (split maximal torus) split maximal
torus non-split maximal torus $K=F(\sqrt{D})$
$F$
.
$K^{\cross}$ $G.L(2)$ maximal torus
$T_{K}=\{|a^{2}-b^{2}D\in GL(1)\}\subset GL(2)$ ,
Theta correspondence
Waldspurger [20] $(\pi, V)$ $PGL_{2}(\mathrm{A})$ cuspidal automorphic represen-
tation
$\int_{\mathrm{A}^{\cross}\tau_{K}(F)\backslash \tau_{K(\mathrm{A})}}\phi(t)d^{\cross}t\neq 0$ ,
$\phi\in V$
$L( \frac{1}{2},$ $\pi)\cdot L(\frac{1}{2},$ $\pi\otimes \mathrm{s}\mathrm{g}\mathrm{n}_{K})\neq 0$ ,
$\mathrm{s}\mathrm{g}\mathrm{n}_{K}$
$K$ quadratic $\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}\mathrm{a}\mathrm{C}\mathrm{t}\mathrm{e}\mathrm{r}_{\text{ }}$
$L$
Guo [10]
$L( \frac{1}{2},$ $\pi)\cdot L(\frac{1}{2},$ $\pi\otimes \mathrm{s}\mathrm{g}\mathrm{n}K)\geq 0$ ,
$L$ non-vanishing non-vanishing
$GL(2)$ $K$ quaternion algebra $D$
$D^{\cross}$ Jacquet-Langlands








cusp form SO$(1,1),$ $SO(2)$
$SO(V)\subseteq SO(W)$ , $V$ $W$ codimension 1 ,
$\int_{so(V,F})\backslash SO(V,\mathrm{A})\phi_{V}(h)\emptyset w(h)dh$ ,
$\phi V,$ $\phi W$ $SO(V, \mathrm{A}),$ $SO(\iota\ovalbox{\tt\small REJECT} V, \mathrm{A})$ cusp form,
$SO(V)$ $SO(W)$ standard $L$-function L-function
$L(s, So(V)\cross SO(W))$
$L( \frac{1}{2},$ $SO(V)\cross SO(W))$
Gross &Prasad [9]
$\dim W=3$ Hecke, Waldspurger
$\dim W=4$ $D$ $F$ quaternion alge-




$\mathrm{t}\mathrm{r}$ reduced $\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{e}_{\text{ }}$ $D^{-}$ codimension 1 $D$
$SO(D)\simeq(D^{\cross}\cross D^{\cross})^{\mathrm{O}}/F^{\cross}$ ,
$(D^{\cross}\cross D^{\cross})^{\mathrm{o}}=\{(d_{1}, d_{2})\in D^{\cross}\cross D^{\cross}|n(d_{1})=n(d_{2})\}$ ,
$SO(D^{-})\mapsto SO(D)$ $D^{\cross}\mapsto(D^{\cross}\cross D^{\cross})^{\mathrm{o}}$ ( )
$D^{\cross}$ trilinear form
$I_{\mathrm{A}^{\cross}D^{\cross}(}F)\backslash D^{\mathrm{X}}(\mathrm{A})\varphi_{1}(h)\varphi 2(h)\varphi 3(h\mathrm{I}^{d}h$ ,
$\mathbb{Q}$ holomorphic form ( )









$\{(g_{1}, g2)\in GL(2)\cross GL(2)|\det g_{1}=\det g_{2}\}$
$\simeq\{|\det=\det\}\mapsto cs_{p}(4)$ ,
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$\mathfrak{H}_{1}\cross \mathfrak{H}_{1}\ni(z_{1}, z_{2})\vdasharrow\in \mathfrak{H}_{2}$ ,
$\mathfrak{H}_{n}$ genus $\mathrm{n}$ Siegel
$\dim W\geq 5$ $L(s, So(V)\cross SO(W))$
$L$
($\dim W=5,$ $V,$ $W$ split) B\"ocherer&Schulze-Pillot
([4]) SO$(3,2)\simeq PGSp(4)$ Yoshida lifting
$\mathbb{Q}$ definite quaternion algebra
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